TAYLOR SPECTRUM AND CHARACTERISTIC FUNCTIONS OF 
COMMUTING 2-CONTRACTIONS 



BERRABAH BENDOUKHA 



Abstract. In this paper, we give a description of Taylor spectrum of com- 
muting 2-contractions in terms of characteritic functions of such contractions. 
The case of a single contraction obtained by B. Sz. Nagy and C. Foias is 
generalied in this work. 



1. Introduction 

Let 7i be a Hilbert space. A 2-tuple A = (^1,^2) of bounded operators on H 
is called contractive ( or 2-contraction ) if + ^2^2!! < \\hi\\ + ||/i2|| for all 

hi, /12 in TC. It is equivalent [T] to the condition: A1AI+A2A2 < In- If additionaly, 
operators Ai and A2 commute, then A is called a commuting 2-contraction. To 
every commuting 2-contraction A ~ (^Ax^A-i) corresponds an analytic operator- 
valued function Qa ■ ID^ B [Va , T^A' ) called characteristic function of A and 
defined by : 

(1.1) Oa {zi,z2) ^-A + Da' (1h - zxAl - 22^*)"' z2.1h) Da 



where 



(a) : ©2 ^ |(zi,^2) e C2 : |zi|' + |zi|' < l} , 

(b) : B [Va , T^a*) is the set of all bounded operators from Va into T>a*, 



(c): Da* = (/ 
range of Da* ■, 



AiA\ 



A2A\) 



TL ^ Ti and Va- is the closure of the 



iH-AlAi -A\A2 
-AlAi Ih 
the range of Da , 



(d): D 



AIA2 



H Ti. and is the closure of 



(e): {zil-H, Z2ln) ■ T-C^ ^ T-i; (zi1w,Z21h) 



hi 
h2 



= zihi + 22/12- 



Characteristic function of commuting n-contraction has been introduced in [3] 
as a generalization of characteristic function of a single contraction [5]. A lot of 
its remarquable properties have been established in ([2], [l],^). In particular, it is 
shown (like in the single case) that the characteristic function is a unitary invariant. 
It means that characteristic functions of two pure or completely noncoisometric n- 
contractions ([2], [4]) A = {Ai, ...,An) and A' — {A[, ...,A'^) coincide if and only 
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if there exists a unitary operator U : H ^ H such that A'^ — U^^AiU for every 
i = 1, n. 

In the case of a completly nonunitary single contraction, the spectrum can be 
described in terms of the characteristic function (see theoerm 4.1 W). The aim of 
this paper is to give a description of Taylor spectrum in the case of commuting pure 
2-contractions by means of characteristic function (jl.ll) . 

In section 2 we briefly remind the definition of Taylor spectrum. Section 3 
contains characterizations of different components of Taylor spectrum. In section 
4, wc investigate the behavior of Taylor spectrum under the action of involutive 
automorphims of unit ball. 

2. Taylor spectrum 

Let A — {Ai,A2,...,An) be a pure n-contraction. According to ([5], [6], [7], 
[lOj). the Taylor spectrum of A can be defined as follows. Let A {7i) be the exterior 
algebra on n generators ei,..., e„ with identity eo = 1 and coefficients in H. In 
other words, 

A {H) = {a; ® A ... A : x e H; 1 < ii.... < ip < n ; 1 < p < n} 
with the collapsing property : A Cj + ej A Ci — 0. One has 

A(n) = (Bk^^A'' (n) ; A''{n)^{x®e^,A...Ae^,■.xeH,l<il....<ik<n}: 
A°(H) = H. 
Consider in A {7i) operator: 

n 

Ba :A{H) -^A{H): BA{x®e^, A... Ae^J ^^Ak{x)®ekAe^, A...Ae,^. 

k=l 

It is not difficult to see that — and RuuBa ^ Ker Ba ■ Decomposition 
A {H) = (B^^iA^ {H) gives a rise to a cochain K [A, TL), the so-called Koszul com- 
plex K (A, Ti) associated to A on 7i as follows: 

K{Ai,A2,H) : {0} = AO (H) ^ .... '~ A" (H) ^ {0} 

where B\ is the restriction of Ba to the subspace A*^ (H). Complex K {A,T-C) is 
said to be exact (or regular) if: 

{0} = ker B% RanB^ = ker B\, , RanB^X^^ = ker RanB^X^^ = A" {H) . 

Definition 1. The Taylor spectrum o J n- contraction is the set: 

ut {A) — {z — (zi, Z2,...., Zn) G : K (Ai — zi, An — z„; H) is not exact} . 
Let us now suppose that n = 2. Then, 

A{n) = A° (H) ® Ai (H) © A2 (7^) 

= in<» eo) ® {{n (E) ei) © (H ® 62)) © ® ei A 62) . 
According to this direct sum, operator Ba admits the matrix representation 



_ Ai 

A2 

-A2 Ai 
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and then operators B'^^^ and Bj^^ have the forms: 

^ ' ' \ Bl^^ j,^^ {x®y) = -A2 [x) + Ai (y) , {x,y e U) 

According to definition [T] and formula (|2.ip , one has 



aT (Ai, A2) = 4'' (^1,^2) U 4'^ (^1,^2) U 4' (^1,^2) 



where 



(2.2) (zi,Z2) € 4^ (^1-^2) ^ 3a: e 7^ : .T 7^ 0, {Ai - zi) x = {A2 - Z2) x = 
(2.3) 

(^1 - 21)2:1 - {A2 - Z2) a;2 = 



(zi,z2) e (^1,^2) ^ 3 (0:1,0:2) e 



(a;i, 2:2) 7^ ((Ai - zi) /i , (A2 - Z2) h),\^heH 



(2.4) 

(zi,Z2) e 4^ (^1,^2) <^3y en-.y^ {Ai- zi)a::i-(A2 - 22)2:2, V(2i,22) G 

Remark 1. ai^^ (^1,^2) is called the ponctual joint Taylor spectrum. 
Taylor joint spectrum generalizes the one variable notion of spectrum. It is a 
nonempty compact subset of C^. The reader can find an excellent account of the 
Taylor spectrum and its relations with other multiparameter spectral theories in [6] . 
Note also that in ^ a description of Harte spectrum by means of characteristic 
function is given. 

Throughout this paper, we wiU suppose that if ^ = (^1,^2) is a commuting 

1 

2-contraction, then operator Da* = {I — AiA^ — ^2^2)^ o^^^ O'^^- Note that 
pure ( and more generally completely non coisometric ) commutig 2-contractions 
([2], [3], [1]) satisfy this condition. Indeed, ii A = (Ai,A2) is a pure 2-contraction 
then, the decreasing sequence of positive bounded operators {{AiA* + yl2A2)")rie/Af 
admits a strong limit Aqo = 0. Because of that, 

Da" (x) = 0^ D\, (x) = {I - AiA\ - A2At.) x = 

^ x^ (AiAl + ^2^2) x^ x^ (AiAl + A2A*)" a; , Vn = 0, 1, 2, ... 
x = Aooix) ^ 0. 

Using relations AD a ~ Da* A and A* Da* — Da A* {[3]), it can be proven that 



Da' = (/ - AiA^ - A2A^) 2 is one to one ^ 1?^ = 
is one to one. 



Ih - AlA^ -AIA2 
-AlAi Ih - AIA2 



3. Characterization of Taylor spectrum 

Lemma 1. Let A — (^1,^2) be a commuting 2-contraction such that Da* is one 
to one. Then, 



A{x,y) = zix + Z2y,{{zi,Z2) G C^ {x,y) e H^) <=^9a{zi,Z2) (^Da y 



0. 
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Proof. It follows directly from relation 
(3.1) 



6 A (-21, -22) -Da 



Da' {In - ziAl - Z2AI) ^ [{zxx + Z'iV) - [A-^x + A2y)] 



□ 



Lemma 2. Let A = (^1,^2) be a commuting pure 2-contraction such that Da* is 
one to one, (-21,-22) G and x gH. Then, 



A* (x) = 



Zl.X 
'Z2-X 



{zi,Z2)TDa' (x) =0. 



Proof. Since in this case D\, [x) = [lu — ziAi — Z2A2) x, then the necessary con- 
dition is a direct conequence of relation, 
(3.2) 

{eA{ZuZ2)rDA, {x)=Da {-{^{^ 



!i j {(Ih-zIA,-z^A2)-')d\, {x) 



Proof of the sufRsant condition Hence {6a (0, 0))* Da* {x) = - 
can whithout loosing the generality suppose that (2:1,-22) ^ (0, 0). 
{6a{zuZ2)T Da'{x) = 



A\x 
A\x 



one 



Da - 



A\x 
Alx 



(Iff - ziAr - ^^2)"') D\, (x) j = 



-A\x + zl m H - —lAi - ziA2) M (/ - AiA\ - A2A\) a; = 
-A^x + zi [(\h - zlAx - ziAa)"^ j (/ - A^A\ - A2Al)x = 

-Alx + zT ({1h - zlAi - z^A2y^] (I - A^Al - A2A*) x = 
-Alx + z^{{Ih- zlAi - z^A2y^j {I - A^A\ - A2A*) x = 

-z^Alx + z^ {{\h - ziAx - ziA2Y^\ {I - AiAl - A2A^) x = 
-zlA^x + zTzi {{Ih - zlAx - ^^^2)"^ j (/ - A^Al - ^2^^) a; = 

YiA^x ~ Z2j4*a; 

-z^Alx + z^ {{Ih - zTAi - ^^^2)"^) (/ - AiA^ - A2AI) x = 

zTAjX = J^Alx 

-z^Alx + zi {{\h - ziA-Y - zj^2)~^) {zil - z^AiAl - z^A2Al) x = Q 

'ziA^.x ~ 'z2A\x 
zi ((Iff - zTAi - -2A2Y'-') {{zil - A!{)) X = 
((zl/ - AX)) a; = A\x = zlx. 



On the other hand, 

(1) 'Z1A2X = 'Z2A\x, A*x = zix and -21 ^ A2X = Z2X. 

(2) Putting A^x = Hx and -21 = in the relation 

-A^x + z-2 ((Iff - ziAr - ^^2)-') (7 - A^A\ - A2AI,) a; = 0, 
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and multiplying by {1h — "22^2) ^, one obtains 

(Iff - z^A2) A;x = z^{I~ A2AI) X. 
This last relation is equivalent to A^x = z^x . 

□ 

Proposition!. LetA= (^1,^2) he a commuting pure 2- contraction such that Da* 
is one to one. Then, (21,^2) G tr^'' (^1,^2) if and only if equationOA {zi,Z2)X = 
admits at least two nontrivial solutions Da{Xi) and (X2) such that, Xi = 

^ X2^( ^ ],xen. 



/ V ^ . 

Proof. One has 

(zi,Z2) e cr^^^(Ai,A2) 

^ 3x G H : a; 7^ 0, (Ai - zi) a; = (A2 - Z2) a; = 
<^ 3x ^ H : X 0, Ai (x) — zi.x and A2 (x) — Z2.x 

^ 3x e H : X 0, A ^ ^ ^ = zi.x + Z2.O and A ^ ^ ^ = zi.O + Z2.x 

^ eA{zi,Z2)(^DA(^l^^ ^0 and OAizi, Z2) (^Da (^l^^ ^ 

To end the proof, it is sufficient to remark that 

x^0^Da(^1^ ^O^DaI^I^ y^O. 

□ 

Proposition 2. Let A = (^4.1,^2) be a commuting pure 2-contraction such that 
Da* is one to one. Then, (zi,Z2) G cr^'' (Ai, A2) if and only if the equation 
9 a{zi, Z2)Y = admits at least one non trivial solution Y — Da {X) such that 

Proof. One has, 

r 3 {xi,X2) G : {Ai - zi) xi - (A2 - Z2) X2 = 0, 

(Z1,Z2) G (Ai,^2) ^ < ixi,X2)y^{{Ai~Zi)h , {A2 ~ Z2) k) e H, 

[ (xi,a;2) ^ (0,0). 

It means that 

{3 {xi,X2) G : Ai (xi) + A2 i-X2) = zi.xi + Z2. (-3:2) , 
{xi,X2) ^ {{Ai -zi)h, {A2 - Z2) h);yhe H, 
{xi,X2) + (0,0). 

According to lemma [TJ one has finally 

, 3(a;i,a;2) GH2 :0^(zi,Z2) f 



izi,Z2) G a'j.' {Ai,A2) ^ 



{xi,X2)^iiAi-zi)h, {A2- Z2)h); yheH, " 
ixi,X2) + (0,0). 

□ 
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Proposition 3. Let A = {Ai,A2) be a commuting 2-contraction such that Da* 
is one to one and (zi,Z2) G C^. Assume that equation {9a [zi, Z2))* Da* (y) = 
admits at least one non trivial solution. Then, 

{zi,Z2) e (Ai,A2). 

Proof. Suppose that {9a (^i, ^2))* Da* {y) — admits at least one non trivial solu- 
tion y. According to lemma [2l it means that 



A* {y) ^ 

Thus, for every {xi, X2) G Ti.^, one has 



zi-y 
Z2-y 



{Al -zi).y\ f X2 
{Al-z^).y r\-x^ 



Thus, 



and finally 



{{Al - zT) .y, xa)^ + {{A^ - z^) .y, 

{y, {Al ~ zi) X2)^ - (.y, {A2 - 22) a;i)^ 

(y, {Al - zi) X2 - {A2 - Z2) xi)y^ . 



y i RanD\^^_^_^ j,^^^^.^ 

(zi,z2) e4^^ {Ai,A2). 



□ 



4. Taylor spectrum and involutive automorphisms of unit ball 



In this section we invetigate the Taylor spectrum under action of involutive 
automorphisms of unit ball D^. Such automorphisms are defined in [8' by 



*A {z) = >^- \_^l^l (" " " Vl-ll^ll') ]^-^) , A e A = (Al, A2) ^ 0. 

Connection between automorphisms of unit ball and niulticontractions has been 
made in [2] and ^ where some very interesting properties have been established. In 
particular, if <I>a is an involutive automorphism of unit ball and A — (^1,^2) is a 
commutative 2-contraction then, (see [2], sections 4 and 5) one can define operator 

$A (A) = A - D^. {Ih - AK*)-^ AD^ 

where the operator A = (Ai.l/f, A2.1_ff ) is defined from into TL by : 

A (xi, ^2) = \i.xi + \2.x2. 

Propsition [4] and theorem 4.2 below summarise important for us results obtained 
in [I and [4]. 
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Proposition 4. Let $a o,n involutive automorphism of unit ball and A = {Ai, A2) 
a commutative 2- contraction. Then, $a (A) is a commutative 2-contraction such 
that, 

(4.1) / - $A (A)* Da (A) = Da {In - A* A)-' {I ~ A* A) {In -A* A)-' Da, 

(4.2) / - (A) (A)* = DA-^{ln~AA*)-'{I-AA*){ln-AA*)-'DA-^. 

Theorem 1. Let $a be an involutive automorphism of unit ball and A — {Ai, A2) 
a commutative 2-contraction. Then, 

(1) Operators iS^^j^) -^Da and :D^^(^a)* -^Da* defined by 



n D. 



■fxiA) 



(X)) 



DA{ln-A*A) ^Da{X) 



n,{D^^(^Ar {X)) = DA*{ln-AA*) ^ Da* {X) 

are unitaries. 
(2) O^^i^A) o-TT-d 9a o,fe connected by the relation 

^*9^^(A) {zi, Z2) = Oa {^\ {zi,Z2)) ri. 

It can be shown that: 



(4.3) 
(4.4) 

{ln2~A*Ay 
(4.5) 



{In - AA*)-^ = {In - zlAi ~ zjAa)"' , 



X1A2. {In - AiAi - X2A2 



(1^^ - Ai^i - A2A2) (l^^-AiAi) 



IA2I' + lAil" Jl - IA2I' - lAil" A1A2 ( Jl - IA2I' - lAil" - 1 



A1A2 (a/I - IA2I' - lAil" - 1 ) |Ai|2 + IA2I' Jl - IA2I' - |Ai|' 



Using (|4.3p . one can show that 



(4.6) 
where 



$A {A) = (Bi (A),B2 (A)) 



Bi(A) - Ai.l^^- Vl-|^2|'~|Ai|'(l,/-AiAi-A2A2) ' 



X <i Ai I IA2I' + |Ai|' Jl - IA2I' - |Ai|' ) + A1A2A2 ( Jl - IA2I' - |Ai|' - 1 



X2An -Jl- IA2I' - |Ai|' (1h - XiAi - A2.42) ' 



X <{ AiAa^i I Vl - IA2I' - |Ai|' -1+^2 |Ai|' + IA2I' Jl - IA2I' - |Ai|' 



B2 (A) 



Formulas (|4.3p . (|4.4p . and (|4.5p aUow us to find the exphcit forms of operators 
$A {A), O and H*. On the other hand, from (|4.2p follows that if Da* is one to one, 
then D^^f^Ay is also one to one. Using theorem [1] one can obtain the following 
caracterization for Taylor spectrum of {A) in terms of solutions of equations 

9a{zi,Z2)Da{X) = and (0^ (^i, ^2))* i?A* (ij) = 0. 
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Propositions. $a (2^1,-^2) G <^t^ ('^'a (^)) if and only if equation 9 a [zi, Z2) Da (X) 
admits at least two nontrivial solutions Xi and X2 such that, 

Xi^{ln-A*A)-'D^(^iy X2 = iln-A*A)-'DA(^^^y yeH. 

Proof. According to Proposition [3l ^\ (21,22) £ ai^^ (A)) if and only if there 
exists a nonnul vector y G Ti. such that, 



are solutions of equation 

Using theorenia[T]and the fact that is involutive, it is equivalent to the existence 
of a nonnul vector yeH such that, 



are solutions of equation 

^-^Oa [zu Z2) no^.iA) {Y) = n^^eA (21,22) Da [{Ih - A*Ay^ (r)) = 

which is equivalent to the equation 

Oa (21, 22) Da ((Iw - A* A)-' Da (F)) - 0. 

□ 

-2 rp,^^ / _ ^ ^ (1) 



Corollary 1. Let (21,22) £ C^. Then, (21,22) G ct^ (A) and $^(^1,22) e 

4'^ ($A (A)) 
that vectors: 



(T^^ ($A (A)) if and only if there exists two nonnul vectors x and y in TL such 



Y^^{ln-A*A)-^DA(^l^ and Fa = (1„ - AM)-^ i^A ° ^ 
are both solutions of equation 

9 A {zi,z2)Da (X) =0. 

Proposition 6. Let (21, 22) G C^. Assume that equation {6a {zi, Z2))* Da* (y) = 
admits at least one non trivial solution. Then, 

$A (^1,^2) e4'^ (*a(A)). 
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Proof. Note at first that operator Da* is invertible. Since ^\ is involutive then, 
according theorem [U 

{eAizi,z2))* DA'iy) = 

^ (0A($A($A(^l,Z2))))*i?A. (2/) = 

^ (nj^^^A) (*A (21,^2)) f^-^)* (y) = 
^ r! (0$,(A)$A (^1, 22))* r!;!/?^. (2;) = 

^ (0*,(A)*A(zi,Z2))*f^;'i?A* (y) = 

(e*,(A)*A (Z1,Z2))*^*,(A)- (i?I.'(l-H-AA*)j/) =0 



^ (6l<t,,(A)$A(2l,22))*£'*,(A)- (^) = 



where 



Since y is nonnul then, X = D'^} {1h — AA*) y is also nonnul and according propo- 
sition [3l it follows that 

*A izi,Z2)ea^^^ ($A (^1,^2)). 

□ 

(2) 

Proposition 7. $a (-21,^2) eo-^ (Ai,y42) if and only if the equation 6 a {zi, Z2) Da {X) 
admits at least one solution X such that 

where (wi, W2) = ^\ (^i, 22). 



Proof. It follows immeditely from proposition [21 

□ 
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